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Abstract. The reciprocal link between the Degasperis-Procesi (DP) equation 
and the pseudo 3-reduction of the Coo two-dimensional Toda system is used to 
construct the /V-soliton solution of the DP equation. The 7V-soliton solution 
of the DP equation is presented in the form of pfaffian through a hodograph 
(reciprocal) transformation. The bilinear equations, the identities between 
determinants and pfafhans, and the r-function of the DP equation are obtained 
from the pseudo 3-reduction of the Cx> two-dimensional Toda system. 



1. Introduction 

In this article, we investigate the TV-soliton solution of the Degasperis-Procesi 
(DP) equation [l] 

(1.1) U t + 3k 3 U x - Utxx + ^uu x = 3u x ii xx + uu xxx , 

which has received much attention in recent years. Since its discovery in 1999, 
many interesting mathematical properties of the DP equation have been found [2l 
EH [H [5l [6l [8]. For example, the DP equation has the iV-soliton solution if 
k^0E&E|. 

In this contribution, we show the reciprocal link between the DP equation and 
the pseudo 3-reduction of the Coo two-dimensional Toda system and investigate 
their r-functions. Using this reciprocal link, we construct the iV-soliton solution of 
the DP equation in the form of pfaffian. The bilinear equations, the identities be- 
tween determinants and pfafhans, and the r-function of the DP equation are easily 
obtained from the pseudo 3-reduction of the two-dimensional Toda system. 

2. The DP equation and the pseudo 3-reduction of the Coo 2D-Toda 

system 

The two-dimensional Toda (2D- Toda) system of Aoo-type, which is also called 
the Toda held equation or the two-dimensional Toda lattice, is given as follows [9l 

ensouls]: 



(2.1) „ - 0™ = - y~] a n . m e 9m , neZ 
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where the matrix A — (a„ im ) is the transpose of the Cartan matrix for the infinite 
dimensional Lie algebra Aoo , which is the infinite tridiagonal matrix 



(2.2) 



.4 



-1 2 -1 

-1 2 -1 



-1 2 -1 



(2.3) 



The Aoo 2D-Toda system ([24]) with (|2T2|) may be written as 
d 2 n 



-2e~ 



dxidx-i 

The Aoo 2D-Toda system (|2.1[) with (|2.2[) is transformed into the bilinear equation 

'1 



(2.4) 



-D r ,D x 



1 Tn 



Tn-lTn+1 , 



through the dependent variable transformation 

Tn+lTn-l 



(2.5) 



= - In- 



Here D x is the Hirota D-operator which is defined as 

(2.6) D n x a(x) ■ b(x) = (d x - d x ,) n a(x)b(x')\ x=x , . 

Lemma 2.1 fUeno-Takasaki[l3]. Babich-Matveev-Sall[l4] . Hirota[l5] .Nimmo-Willox 
The bilinear equation \2.1$ and other bilinear equations of the members of the 2D- 
Toda lattice hierarchy have the following Gram-type determinant solution: 



det 



<M 



whe 



4>\ 



(n) 



+ (-l) r 



(n) »(— n) j 

ipl (fij ax\ 



Here Cij are constants, ip^ and (p^ must satisfy 9 q* = (p[ n+k ^ and 
(-l) k - 1 <p ( i n+k) for k = ±1,±2,±3,- • • . 



dx k 



For example, the following linear independent set of functions {<p\ n ,0™ } f or 
i,j = 1, 2, • • • , M gives M-soliton solution of the A^ 2D-Toda system: 



(n) 



where & = p t xi + ^£-1 + pf x 2 + + PiX 3 + ^>X-3 h £ i0 and % = qiXi 

jfX-i - qj%2 ~ jzX-2 + qfx 3 + h ViO- 



Proof. See [15]. 



□ 



We impose the Coo-reduction n — 0- n (n > 0) to the Aoc 2D-Toda system, i.e., 
fold the infinite sequence {. . . . 0_ 2 , 9_i . fln. 0i . 6>9. . . . } in 6>n [T ^ [T ^[l6llT%l [19 1 120]. 

Then we have 0_ x = 6 U 0- 2 = 2 , 0-3 = 9 3 , ■■■ ■ 
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For n = 0, 



For n = 1, 



d 2 e 

dx\dx- 



d 2 e 1 



2e 



-00 



-2e" eo + 2e~ ei 



2e~ 



dxidx-i 

Thus we obtain the 2D-Toda system [9lH2]: 



(2.7) 



dxidx-i 



mSZ> 



n e Z> . 



where the matrix A = (o„ !m ) is the transpose of the Cartan matrix for the infinite 
dimensional Lie algebra Coo, which is the semi-infinite tridiagonal matrix 

2 -2 
-1 2 -1 

-1 2 -1 



(2.8) 



-1 2 -1 



(2.9) 
(2.10) 



The Coo 2D-Toda system (|2"TT|) with (|2.8p may be written as 
d 2 9 



dxidx-i 

o 2 e n 



-2e 



-s 



2e~ 



2e -»» + e^ 1 



n > 1. 



The Coo 2D-Toda system (|2.7p with (|2.8I) is transformed into the bilinear equations 
'1 
2 J 

r 

through the dependent variable transformation 



(2.11) 
(2.12) 



-D xl D x _ t - lj t ■ r = t\ , 

-D Xx D x _ t - 1 J T n ■ T„ = T n -lT n+ x , for 71 > 1 , 



9q = — In — ^ , and 9 n = — In 



Tn+lTn-l 



for n > 1. 



Lemma 2.2. The bilinear equations of the Coo 2D-Toda system h2.ll}) and 
.12]) have the N-soliton solution which is expressed as 



where 



det 



<i,j<2N 



+ (-1)"/ ^ n M- n) d*i 



V 4 (n) =P?e & , 



1 3 1 

& = _PiXi H x_i +p 4 x 3 + ^-a;_3 H h «o ; 

Pi Pi 
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and Cij — Cj.i. 

Proof. Imposing the Coo reduction r n = r_„, i.e., folding the sequence of 
the r-functions {. . . , r_2, r_i, tq,ti, T2, . . . } in to, we have r_i = ri, r_2 = T"2, 
t_ 3 = r 3 , .... HH HB HSl III [20]. Thus we obtain the bilinear equations 
(|2~TTT) and (|2~T2j) from the 2D-Toda bilinear equation (f2T4|) . 

To impose the Coo reduction to the Gram-type determinant solution of the 

(n) (n) 

2D-Toda system, we impose the constraint cpj — Vj > c i,j = c j,^ M = 2N and 
X2k = for every interger k. With this constraint, each element of the Gram- type 
determinant has the following property: 

J — oo 

= c J -,i + (-l)~ n r V^vfdxr 

J — OO 

Then the r-function satisfies r n = r_„. Therefore the iV-soliton solution of the Coo 
2D-Toda system is expressed by the above Gram- type determinant. □ 



Lemma 2.3. Consider the following r-function: 
r„ = det(^J) i< 



l<i,j<2N 



where 



oo 



<Pi^ = Pi^ i 6 = Pi^l + — S-l + Pi £3 + \x-3 H 1" &0 , 

P» Pi 

and Cij = 5j- i2 iv+l-iQ!ij «i = a 2 N+i-i, pf ~ P1P2N+1-1 + P2N+1-1 = l - 
This r-function satisfies 

(2.13) - {^D X1 D X _ X - l^j to -to =r 1 2 , 

(2.14) - QlJx^x,, - lj 71 • 71 = T T2 , 

Proof. To impose the pseudo 3-reduction to the r-function in Lemma |2~21 we 
add a constraint p? +p 2 i A r +1 _ i = Pi+p 2 N+i-i, Pi £ -p2N+i-h i-e. pf-piP2w+i-i + 
P2JV+1-4 = 1) an ^ Cij = 5j,2W+i-ja», ctt = a 2 N+i-i [H]. □ 

Lemma 2.4. TTie r-function T\ of the bilinear equations \2.13\) and $2.14]) with 
the pseudo 3-reduction constraint satisfies the following relation: 

(2-15) 7i = -5102, 

c 

with 

(2.16) * = P f ( ^^M^, + I^e^ 

V Pi - Pi Pi + Pj 

(2.17) g, = P f ( Zat Mfcj) ^ + EtZ&^-K 

V Pi - /'; Pi + /'. 



l<i,j'<2JV 



l<i,j<2N 
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Where & = p i l X-\ + PiXl pj ~ PiP2N+l-i +P2N+l-i = 1 > a i = a 2N+l-i- 

Proof. Suppose that m = ct2N+i-i an d Pi ~ PiP2N+i-i + pfiv+i-i = 1 are 
satisfied. Then we can rewrite T\ as follows: 



n = det (Vff) = det [S^N+^ai + — ( -?± ) e*+& 

V *Jl<ij<2N V Pi+PjV Pj7 / i<y<2W 

2 



, , PiP2N — i ~ P 2 N+l-i 1 Pi £,+£, 

det Oj.aiv+i-i^ 7 \ ; e 

PjiPi-Pj) Pi+PjPj /KiJ<2N 



det I 5j t 2N+i-i a, 
1 



Pj- 1 ]_Pi e e*+c 3 



Pi + Pj Pj / i<ij<2Ar 



-det 26j2N+i-iOti— e 

c V Pi "Pi P l +P] Sl<i,j<2N 

-det I 2J i|2jy+1 - i a i — — + I -— - - \e^ 

L V Pi Pj \ \Pt t ft ; u^j 1 ; Pj 1 

1 



l<ij<2AT 



= 1 det I 2 W _ 4 a,^_I + fa-ft)fa + i; > ft+fc _ ^ e ^- 

c \ Pi - Pj fa+Pj)(Pj - !) Pj - 1 / i<i,i<2W 



U>=1 ^ det 



i Pi Pj fi+fj Pi 1 £,+£, 

Cj j H i e ««^«a e ?! ^ ?J 

Pi + Pj Pi + 1 



\<i,j<2N 



where c^- = 2^- ; 2jv+i-i «i p~~|~ — an d c = 2 27V nfc=iPfc- Using the formula 
B.ll). we obtain 



n 



n 2JV Pfc+i 

ll/c=l Pfc -1 



1.2 



*2JV,1 * 



2N,2 



where = & ,• + p ' , Pj e^ + ^' . Then we note 

ij iJ Pi~rPj 



fa - i)(pj - 1) 
Pi - Pj 



= -25. 



i,2N+l-j (X 2 N+l-i- 



(Pi - l)(pj - 1) 
Pj - Pi 



"J, 2 ' 



Introducing a = 2cti < " Pl ^} p p 3 . — — , we can write as Cjj = Sj.2N+i-iCi and Cj = 
— C2Af+i-i. Note that the 2iV x 2N matrix (^i,j)i<i,j<2JV is skew-symmetric. Thus 
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we can use the formula (|D.7|) : 

n 2Ar p* +i / _ i _ i \ 



l<i,j<2N 



C V Pi~Pj Pi+Pj /l<i,J<2iV 

x pf r a.kid^ + ^: p ^:ffi-;i e^) 

V Pi- Pj (Pi + PjAPi + l )(Pj + 1) / l<i,j<2N 



= 1 Pf f 2a >-l)fo-l) ,. 2w + EL^f* 

c V P* ~ ft ft + Pi 



l<i,i<2_/V 



fo„ 0» + l)(P3 + 1 ) i: , P»~Pj A 
2^ dj2N+i-i-\ ; e^ 1 ^ 

V P» - Pj /'• + Pj J 



x pf ( 2a 

1 

-3i52 , 

c 

-,27V rr 2Ar 



l<i,j<2AT 



where c = 2 2A, nfc=iPfe- □ 

Lemma 2.5. The r-function tq of the bilinear equations 12.13\) and {2.1$ with 
the pseudo 3-reduction constraint satisfies the relation 

(2-18) r = - (3152 - D Xl gx ■ g 2 ) , 

c 

with 

(pi - \){p 3 - 1) 



.gi = pf [2a 



Pi + Pj I 



Pi Pj Pi + Pj J l<i,j<2N 



r ( (Pi + lKgj + l) r , Pi ~ Pj 

g 2 = pi 2a 4 0j,2Ar+i-i H ; e^'^ 

V Pi-Pj Pi+Pj /l<i,j<2N 

where & = p^ 1 x_ 1 + PiX X + pf - p# 2 JV+l-j +P2A+i-i = 1 > a i = a 2A+i-i, 

c =2 2N n^p fe - 

Proof. Suppose that a% = a 2 N+i-i and p\ — pip 2 N+i-i + P 2 N+i-i = 1 are 
satisfied. Then we can rewrite tq as follows: 



t = det (Vi^l = dot [ 2JV+i-i«i H 

V ^ J l<i,j<2N V Pi + 



Pi / l<i,i<2JV 



det ( ^ w+ i-,a, Pi?,M+ ;-'-^'-' + , 

PAPi-Pj) Pi+P] Jl<i,j<2N 

D? — 1 1 

det ( <5 i)2 jv+i-i ai— ■! + ■ e^+^ 

PjiPi-Pj) Pi+Pj h<i,j<2N 



c V P» - Pi Pi + Pj 

If p 2 - 1 

= - det 25,-2Ar+i-iQ!i— 

C V Pi - Pj 

(Pi -Pi)(Pi + 1) Pi + 1 . 2p 3 - 



(ft + Pj)(Pj - 1) Pi - 1 Pi - 1/ / l<i,i<2iV 



\<i,j<2N 
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where c = 2 2N nfe=iP*- Using the formula (jB.ip . we can rewrite tq as follows: 





$1,1 


$1,2 


$1,2JV 


1 








tq = - 


$2iV,l 


$2JV,2 


$2Af,2W 


c 




P2 , e« 2 


P2JV c f,N 




pi-i 


P2-1 


P2JV-1 

1 W 




Pi-i 


P2-1 


P2JV-1 




$1,1 


$1,2 


$l,2Ar 


1 










$2AT,1 


$2AT,2 


$2JV,2AT 


c 




p 2 e ?2 . . . 


P2N C £3N 




pi— i 
1 .e& 


P2 — 1 


P2N — 1 

1 




pi-i 


P2-1 


P2JV— 1 



-2e ?1 (pi + l)e ?1 



-2e« 2N (p 2 jv + l)e« 2 



1 


(Pi - !)e 



(|*2JV - l)e« 2JV (P2A/ + 1)' 

1 





1 

(pi + l)e^ 

g{2JV 



where 

as follows: 



2(5 



(pi-Pj)(p.+i) . 



_ Then we can further simplify 



TO = 



n 2JV p k + l 
llfc=l p fc -l 



*1, 



^2iV,2 

P2e ?2 

^£2 



P2jve 

,s£2jV 



%2N 



pi-i r £i 

Pl+l 



*2iV,2iV f^e 4 " 



P2N + 1 

1 
1 



o^2N 



where $ij = 2<5 



j,2JV+l-i «i 



(Pi-i)(pj-i) 
Pi-Pj 



Pi+Pj 



Note that the 27V x 2iV matrix 
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(^i,j)i<i,j<2N is skew-symmetric. Thus we can use the formula (|E.lj) : 



to = 



TT2JV p k +l 
ilfc = l p k -l 



( | #1,2 #1,3 
#2,3 



V 



#1,2 #1,3 
#2,3 



#1,2 #1,3 
#2,3 



#1, 



#1,3 
#2,3 



#1,2JV 
#2,2JV 



#l,2iV 
#2,2JV 



* 2 



#l,2iV 
#2,2AT 



2N-1,2N 



#1,2JV 
#2,2JV 



S ?1 
of 2 



o?2 



$ 2 



pi+i e 

P2 + 1 



?2W-1~1 



D ?2Af-l ~?2AT-1 



Pie' 

P2G 



2N-1.2N p2N _ 1 + 1 



P2JV — 1 C Z?N 
P2N + 1 



e* 1 



Pie 
P2e 



P2N-ie 
P2Ne 
1 

,«2 



C2JV-1 
,^27V 



e^ 2 "" 1 p 2 jv-ie ?2JV - 
e 52JV p 2 jve e2JV 



pi + i 

P2-1 r g2 
P2 + 1 



P2JV-1-1 fruy-l 
P2JV-1 + 1 

P2JV -1 g(2N 

P2N+1 



e ?1 

p?2 



g^2JV-l 



Let 



#i 



#1,3 
#2,3 



#1,2JV 
#2,2JV 



o?2 



„«2 



3i =pf 



JJl<i,j<2N 



#9 



of2iV-l of27V-l 



oC2JV 



o?2JV 



(p, + l)( Pj +1) , p 
<72 = pi ICti 0j,2N+l-i + 



Pi - Pi 



n 



j Pi - 1 



pf # 



n 



p k + 1 



Pi + 1 



#1,2 #1,3 
#2,3 



+ 



Pi + Pj 
1 



l<i,j<2N 



#1,2JV 
#2,2JV 



l<i,j<2iV 

pi-i r ei 
pi+i 

P2-1 -52 
P2 + 1 



»Tf P2JV-1 - 1 „f 2 N-l 
W2JV-l,2iV ZT e 

P2N — 1 C ^2W 
P2N + 1 



o^2JV-l 
p f2N 



ON THE t-FUNCTIONS OF THE DEGASPERIS-PROCESI EQUATION 



9 



Then 



| #1,2 #1,3 ■•■ #i,2iv e ei pie 51 

#2,3 ' • ' #2,2iV e^ 2 P2e^ 2 

dx 1 9i = : '■ 

#2jv-i,2jv e 52 "- 1 P 2N~ie^ N ~ 1 

e i2N p2Ne i2N 



(d xi + 1)92 = (d xi + i) P f f 2a . ^ + 1 )fe + 1 ) ^ ^ + Pi^i e c l+ e : 
V Pi - Pi Pi + Pj 

= pf f 2Q > + i)fo- + i) + P^^ + (pj _ )e ^ 

V P* - Pj Pi + Pj 

= II ^ p f (»« - Krft^ +p^^ 

V Pi + ! PJ+ 1 /!< l , j <2iV 

#1,2 #1,3 ••• #l,2iV FTTT e51 Pl e?1 

#2,3 ••• #2,2iV itTT e52 P2 e?2 



l<i,j<2N 



l<i,j<2N 



Ph+1 x i : : 

P^- 1 #2iv-i.2iv ! 2W - 1 T! e S2 "- 1 P2iv-ie« 2 «- 



P2W-1 g 2 JV „ J.2N 



Thus tq , <?i and 52 satisfy the relation (|2.18[) . □ 



Lemma 2.6. The r-function of the bilinear equations i2.13\) and \2.1I$ with 
the pseudo 3-reduction constraint satisfies the relation 



(2.19) T 2 = - (0102 - Ae-101 ' 02) : 

c 



with 



01 = pt 2a 4 dj >2 iv+i-i H ; e ?l ^ Sj 

V Pi - /', p. + Pj 



02 = PI 



f 2a >- + 1)fe+1) w-, + 

V Pi - Pi /'< + /'.. / 



l<i,j<2N 



l<i,j<2N 



where & = x x_i + pj£i + pf - PtP2N+i-i + pfiV+i-j = 1 > "i = a 2 jV+i-i; 

c =2^n^p fe - 
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PROOF. Suppose that a% = a 2 N+i-i and p\ — PiP2N+i-i + pfiV+i— i = 1 are 
satisfied. Then we can rewrite t 2 as follows: 



r 2 = det (Vg) 

= det <5j,2N+i-i 014 



l<i,j<2N 

P2N+l-i(Pi -P2N+l-i) 



Pj(Pi~Pj) Pi+PjP 2 



l<i,j<2N 



det 6j t 2N+i-i OL t 



det Sj^N+i-i a> t 



PiP2N+l-i -P2N+I-1 



Pj(pi-Pj) Pi+PjPj 



l<i,j<2N 



Pj- 1 + _J_pL«*+« 3 - 



Pj(Pi-Pj) ' Pi+Pjp] 



l<i,j<2N 



c \ P l ~Po Pi+PjP] /l<i,j<2N 



2ft 



1 / p ■ p 2 — 1 

-det 25 j ' 2 jv+i-i0; i — , ■ . 

c V Pi Pi ~ Pj Pi + Pj 



-det 25j,2N+\-iOLi^\ rr ; 

c y Pi ~Pj Pi + Pj 

1 



2pi e €i+€j 



l<i,j<2N 



l<i,j<2N 



( p t2 - 1 

-det 25^2^+1-^^^ rr 



'(pr'-pjW + i) pr' + i , 2 p, 71 



l<i,j"<2AT 



where c = 2 27V n&=iPfc- Using the formula (IB.1|) . we can rewrite T2 as follows: 



T2 



$2iV,l 


$2^,2 


$2AT,2A 


-2e« 2 






-1 

P2N C £?)V 


1 



Pi -1 


P-2 - 1 

-^-refe 


Pjw- 1 


Pi -1 


P 2 - 1 


P2N- 1 


$1,1 


$1,2 


$1,2JV 


(Pi 1 - 


$2iV,l 


$ 2 JV,2 


$2iV,2iV 

P2JV 


(?2N " 


Pi" 1 p fi 


Pi" 1 „£•> 


1 
1 


pr 1 -! 6 


1 e 6 ... 


P2«"l 


Pl - 1 


p 2 - 1 


P2N- 1 



$i,2A -2e«! (pi 1 + l)e Sl 

(P2N + i)^ 2 " 



1 



(Pa^ - l)e«- (p 2 ^ + l)e«- 
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where $ij = 25j 2 N+l-i&i-=<L r 

simplify as follows: 



(p~'-p7')(pr'+ 1 ) 

(Pi 1 +pj 1 )(pj 1 - 1 ) 



e ?i+?3 _ Then we can further 



T-2 



U 2N p k +1 
llfc=l ^T3J 



#1, 



*2Af,l 



1.2 



«2 



ft 1 ** 



l,2iV 



^2N.2N 

t,?2JV 



4^ 



Pi +i 



P2N + 1 

1 
1 



where ^ 



J^^Af+i-i a, — p-i-pT 1 — 



Pi +Pj 



T e&+£f . Note that the 27V x 2N 



matrix ( 1 i'i.j)i<ij<2N is skew-symmetric and vE^j = — Thus we can use the 
formula (IETD: 



7-2 



n 27V p^ + l 
llfc=l p^T^Y 



/ I #1,2 f 1, 



*i, 



#1,3 
#2,3 



#1,2 #1,3 
#2,3 



#1,2 #1,3 
#2,3 



#1,2JV 
#2,2Ar 

2N-1,2N 



#1,2JV 
#2,2JV 



#2JV-1 



2/V 



#1,2JV 
#2,2JV 

2JV— 1.2JV 



e* 1 

p?2 



o42N- 



Pi ,+1 

P 2 " 



let* 



P 1 J T~ 1 ~ c faw - 

P2N-1 + 1 
P2N + 1 



e^ 1 

pf2 



p42N 



Pi 'e 6 
P2 1 e^ 2 



e^ 1 
pi'2 



p^e^ 
V2 X ^ 



#2JV-l,2iV e ?2 

#1,2AT 
#2,2N 



P2AT-l e 
1 

V 




S C 2 



P2N e62N 



P2 



I e ?2 



P2W-1+ 1 



o?2N- 
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Let 



91 =Pf(*ij)i<i,j<2JV 

| #1,2 #1,3 
#2,3 



= pf 



l<i,j<2N 



#1,2AT 
#2,2AT 



#2 



D ^2 



o?2]V 



g^2JV-] 
o?2N 



r fn (Pi + + 1) c , Pi ~Pj 

g 2 = pf 2a 4 - '-^ -<5j,2jv+i-i H -e 5 *^ 

V Pi - Pi Pi + PJ 

./„ (pr 1 + 1)^ + 1) 

= P f 2Qi — J — 

V Pi -Pi 



l<i,j<2N 



■5j,2N+l-i + 



Pi'+pj 1 



l<i,j<2N 



2N 



= 11 r^i— r P f I *« - 



2 AT _i 

n Pfc + 1 

d" 1 - 1 

fc = l P k 1 



#1,2 #1,3 
#2,3 



Pi +1 



#1 

#2 



,2JV 
,2A r 



#2AT-1,2AT 



/ l<i,j<2N 

p l +i 

££^i e€ 2 
P 2 +1 



P2JV-1 




P2N-1+ 1 



— 1 _ -, 
p 2JV C ^2W 



c^2 



l. e ^2JV — 1 g?2Af-l 



1 



Then 



#i 



#1,3 
#2,3 



#1,2AT 
#2,2AT 



d2 



#2 



g€2iV-] 
^?2iV 



1 ^?2JV- 
i J 2N-l c 

P2N^ 2N 
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(d x _ 1 + l)g 2 

= (dx_ 1 + l)pf 2m —. J — = 8j,2N+i-i + -ri ^-j-e 5 '^ 

V Pi -Pi Pi +Pj 

(pi 1 + ^(pj 1 + 1) , . pi'-p; 1 



l<i,j<2N 



1 J / l<ij<2JV 

I *i,2 *i, 3 ••• *i,2JV Pi _1 e ei 

Pi +i 

p 2 +i 

2iV _l 1 . 



F 2JV-1 



1 

Thus Ta, gi and <?2 satisfy the relation (|2.19p . □ 
Letting F = tq, G = t\ and H — t 2i we obtain the following equations 

(2.20) - (^D Xl D x _ 1 -l\F-F = G 2 , 

(2.21) -(±D xl D„_ 1 -l\G>G = FH, 

(2-22) cG = g l92 , 

(2.23) cF = g x g 2 - D Xl gi ■ g 2 , 

(2-24) cH = g 1 g 2 -D x _ x g 1 -g 2 , 

from the bilinear equations (|2.13l) and (|2.14p . and the relations between determi- 
nants and pfaffians ([2~15|) . (|2~TS|) . ([2TT5]) . 

Theorem 2.7. TTie r-functions g\ 112.16)) and g 2 \2.17\) of equations A2.20)) . 
&2.21\) . \2.22\) . \2.23\) and {2.2$ give the N-soliton solution of the DP equation 

(2.25) u t + 3u x - u txx + 4uu x = 3u x u xx + uu xxx , 

through the dependent variable transformation 

92 

and the hodograph (reciprocal) transformation 

x = xi + Jf^ 1 u(xi, a^^dx^! 
(2.2(,) < =ar 1 -]n^ J 

t = X-l . 
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(2.27) -[^-) =£-1 



Proof. From fl2~22]) . ([2~23]l and (|2~24"1) . we have the relations 

il\ I 

92j Xl G 

(2-28) -(hf) =^-1 

Let 

(2.29) p=|, U = -(ln^) 
Differentiating (|2.27[) with respect to x~\, we obtain 

(2.30) / ' 



This is rewritten as 

(2.31) (lnp) x _! = -pu Xl ■ 
Equation (|2.28|l leads to 

(2.32) — = 1 + « . 

The bilinear equations (|2.20p and (|2.2ip are written as 

(2.33) -(InF)^, +l = p 2 , 

(2.34) -(lnG) XlX _ 1 +l = -(l + u). 

P 

Subtracting (|233)l from (|234|) . we obtain 

(2.35) -(\np) XlX _ 1 = -{l + u)- p 2 , 

P 

which leads to 

(2.36) p 3 = l+u + pOMx^, . 
Using (|2.31l) . it becomes 

(2.37) p 3 = I + u-pC/m/xJxx • 

Let us consider the hodograph (reciprocal) transformation 

x = xi+ ufxijxljjda/.! 

(2.38) < =^-ln|, 



i = x_ 



l 



This yields 

(2.39) 

and 
(2.40) 



|2- = l-(ln^-) = p- 1 

dxi \ g 2 J Xi f 

dx-i V 32j x _ i 



d x _ 1 =d t + ud x 
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Applying the hodograph (reciprocal) transformation to (|2.31[) and (j2.3T[> . we obtain 

/ 241 -) f (d t + ud x )\np = -u x , 

[ ' ' \ p 3 = l + u-u xx . 

This is equivalent to 

(2.42) [d t + ud x ) ln(l + u - u xx ) = -3u x , 
which can be written as 

(2.43) (d t + ud x )(l +u — u xx ) = —3u x (l +u - u xx ) . 

This is nothing but the DP equation (j2~2"5j) . □ 

Remark 2.8. Applying the scale transformation u — !• t — > n 3 t to (12.251) . 
we obtain the DP equation 

Let fej = pi + p2A+i-j- From p? - Pip 2 N+i-i + pIn+i-i = 1> we obtain pi = 
i(3fcj + \/3(4- fc?)), _p 2 AT+i-i = ^(3ki - \/3(4- fcjf)), PiP2N+i-i = and 



6l 1 ' - #V. Tims 



J» P2JV + 1-! 

3^i 

£j + ^2A+l-j = fci^l + 7^ T^-l + CiO + ^2A+l-iO • 

In the pfaffian solution, all phase functions can be expressed by the summation 
of Ci + £2JV+i-v So the phase functions can be expressed by the parameters {ki} 
(i = 1, 2, • • • , AT). Each coefficient of exponential functions can be normalized to 1 
after absorption into phase constants or can be rewritten by the parameters {ki}. 
Thus it is possible to rewrite the above r- function by using the parameters {ki} 
instead of {pi}. 



Example 2.9. Soliton Solutions 
For N = 1, 

gi = 2Qi (Pi-l)(P2-l) + 

Pi - J>2 Pi + P2 

(P1-1)(P2-1) , (Pl~P2) 2 o?1+ft 



P1-P2 V. 2 " 1 + (Pi +P2)(P1 - 1)(P2 - l) 6 

(pi + l)(p 2 + 1) Pi - P2 

.92 = 2ai 1 e" T " 

Pi - P2 Pi + P2 

(Pi + 1)(P2 + 1) ( (P1-P2? c , 1+ , 2 



P1-P2 V (pi +p 2 )(pi + l)(p 2 + 1) 

Letting ai — ^ and e 71 = ^ P2 l — , 1 , the r-functions can be 

rewritten as 

(2.44) g x = 1 + e^ 2 ^ 1 ^ 1 , <? 2 = 1 + e «i+^-0i+7i 

where 

. , , 3fci 

Si + ?2 = Kl^l + fc2 _ ^ -1 + S10 + ?20 , 
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and 



1 (Pi + l)(p 2 + I) _ / fcf + 3fc! + 2 _ / (fci + 2)(fci + l) 
(P1-1)(P2-1) Vk 2 1 -3k 1 +2 V (fcx - 2)(fcx - 1) 



Here 71 can be absorbed into a phase constant. 
For N = 2, 



= PI -P2 c£l+£a P3-P4 c f a+£4 _ Pi ~ P3 C £,+^ P2 ~ P4 c £,+£< 

Pi +P2 P3+Pa" Pi+ P3 P2 + Pa 

+ I 2a 1 (Pl ' 1)(P4 ' 1) + ^i e ^ ( 2a2 ^-l)(P3-l) + P2^3 e?2+€3 



Pi - Pi Pl+PA J V " P2 - P3 P2 + P3 

( Pl -l)( P4 -l) (g2 - 1)(P3 - 1) ( 9n 0n . 9n (PI-PA? * 1+U 

= 2ai • 2a 2 + 2a 2 - ( ■ w 7T7 rre" 

Pl-PA P2-P3 V (Pi +Pi)(Pl - l )\PA - 1) 
+ 2ttl (P2-P3) 2 c£2+£3 ^ Pl-PA P2-P3 



(P2+P3)(P2-1)(P3-1) (P1-1)(P4-1) (P2-1)(P3-1) 

/ Pi - P2 P3 - P4 _ Pi - P3 P2 - P4 Pi - P4 P2 - P3 \ g?1 + ^ +53+?4 " 
VP1+P2P3+P4 P1+P3P2+P4 P1+P4P2+P3/ 



g2 = Pl-P2 c£l+£ , P3-P4 c£ , +£4 _ Pl-P3 c C 1+ 6, P2-P4 c fe,+f 4 

Pi + P2 P3 +Pa" P1+P3 P2 + Pa 

+ I o ai (Pl + l)(P4 + l) + Pl-P4 c g 1+ £ 4 A / 2 ^ (P2 + 1)(P3 + 1) + P2-p3 c f 2 +f 3 



Pi - Pa Pi+Pa / V P2 - P3 P2 + P3 

(Fl±lKgi+l) . fe + i)(P3 + i) ( 2ai . 2a2 + 2a2 (pi-*) 3 ^4* 

Pi -Pi P2-P3 V (Pi +P4)(Pl + 1)(P4 + 1) 

(P2-P3) 2 i2+ f 3 . Pi -Pa P2-P3 



+ 2a H T7 7\ e 



(P2+P 3 )(P2 + 1)(P3 + 1) ' (P1 + 1)(P4 + 1) (P2 + 1)(P3 + 1) 

Pi - P2 P3 - P4 _ Pi - P3 P2 - P4 Pi - P4 P2 - P3 \ e?1+ ^ +ft+?4 \ 
Pi + P2 P3 + P4 Pi + P3 P2+PA P1+PAP2+P3/ J 



Letting ai - a 2 - 2 , e - (pi+p4) V(pi _ 1)(p4 _ 1)(pi+1)(p4+1) - 

e 72 _ (P2-P3) — 1 the above r- functions become 

(P2+Ps) V(P2-1)(P3-1)(P2 + 1)(P3 + 1) 



fll = 1 + p 6+«4 + 01 _|_ g«2+£3+02 _|_ 5 12e «l+?2+«3+«4 + 01+02 
g 2 _ I _|_ p Cl+?4-01 _|_ g{2+€3-02 _|_ ^ 12 g£l+?2+?3+?4-flil— <^2 
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where 



, Pi - P2 P3 - Pi Pi +P1P2+ P3 Pi -P3P2- PA P1+PAP2+P3 , 1 

bi2 = h 1 

Pi +P2P3+ Pi Pi ~PiP2- P3 Pi +P3P2+ Pi Pi - PiP2- P3 
_ (fcl-fc 2 ) 2 (fc2-fc 1 fc 2 +fc2_ 3 ) 



(fci + k 2 ) 2 (kf + kik 2 
3fci 



£1 + £4 = kiXi 



k\ - 1' 



(PI 


+ 1)(P4 


+ 1) 


(pi 


- 1)(P4 


-1) 


(P2 


+ 1)(P8 


+ 1) 


(P2 


- 1)(P8 


-1) 



fc 2 


3)' 


KlO 


+ C40, 


fc 2 4 


- 3fe x + 2 


*?- 


• 3fci + 2 


fc 2 M 


- 3fc 2 + 2 



3fc 2 



Af-1 



£C-i + 60 + £: 



30 • 



fc 2 - 3A: 2 





F2)(fc! 


+ 1) 


(fcl- 


-2)(fc 1 


-1) 


(k 2 - 


l-2)(fc 2 


+ 1) 


(*2- 


-2)(te 


-1) 



Here 71 and 7 2 were absorbed into phase constants. 

The 7V-soliton solution of (|2.25[) is written in the following form: 



(2.45) 



(2.46) 



91 



!J2 



H 6XP 



JY 



(AT) 



i=l 
N 



i<j 

i=l i<j 

for i < j , 



ex p 

(fcj ^7) kjkj -\- kj 3) 



kj^(k 2 -\- kikj -\- k 2 3) 
3/ci 



m = Ci + &N+1-1 = hxi 



1 



x-i + rjio , 



/fc?+3fc + 2 



\k l + 2){k l + l) 



kf-Zh + 2 A/ {k l -2){k l - 1) ' 



where means the summation over all possible combinations of fii — or 1 for 

(iv) 

i = 1, 2, • • • , N, and means the summation over all possible combinations of N 

i<j 

elements under the condition i < j. 



Applying u -> -^u, t -> K 3 t, x_i -> K 3 a;_i, Xi -> ^, Kfc l = p, + p 2 N+i-i, we 
obtain the 7V-soliton solution of the DP equation . 
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Theorem 2.10. The N-soliton solution of the DP equation II 1.1]) is given as 
follows: 



= - In 



9i 

.92 



91= 22 exp 

ju=0,l 

.92 = ^2 exp 

ju=0,l 



AT 



i=l 
N 



i=l 



(N) 

i<j 
(N) 

Viftj In h 

i<3 



_ (h - k 3 f{{k 2 - hk 3 + k]) K 2 - 3) 
ij ~ (jfej + %) 2 ((fc 2 + hk 3 + B)k 2 - 3) 



for i < j , 



»7i = & + 6iV+l-i = fci^l 



K 2 /c„ 2 - 1 



£-1 + ??i0 , 



I K 2 kf + 3nk t + 2 
n 2 k 2 - ink, + 2 



Qtfc t + 2)(Kkj + 1) 
(/sfei-2)(«fcj-l) ' 



and i/ie hodograph (reciprocal) transformation 



K J— OO V 1 



t = X- 



ln^ 

92 



This is consistent with the result in [6l [7] . 

Remark 2.11. There are 3 regions in which the above soliton solution becomes 
regular: (i) ^ < fc,, (ii) — ^ < fej < K (hi) fc, < — -. (Note that this is obtained 
by the reality condition of e^.) In the region (ii), the graph of the soliton solution 
shows smooth solitons. In the region (i) and (hi), the graph of the soliton solution 
shows loop solitons. 

In Figure 1-4, we show examples of 2-soliton interactions. 



3. Conclusions 

We have derived the r-functions of the DP equation by adding the pseudo 
3-reduction to the Coo 2D-Toda system. We have shown that the r-functions of 
the DP equation satisfy the identities of determinants and pfafhans. The result in 
this article is consistent with the one obtained by Matsuno [6l [7]. Our approach 
clarifies the relationship between the DP equation and the 2D-Toda system. 
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Figure 1. 2-soliton interaction, k = 1, fci = — |, &2 = §• 
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Figure 2. 2- loop soliton interaction. K = 1, fci = — I, k% = 



3- 



Appendix A 

Let A = (aij)i<ij<2N be a 2N x 2iV skew-symmetric matrix, i.e. aij 
The pfaffian of A, pf(^4), is denned as follows: 

0>1,2 a l,3 ' ' ' Oi : 2Af 
0-2,3 ' ' ' Q,2,2N 



(A.l) pf(A) = pf(a iiJ )i<i i j<2iv 



0-2N~l,2N 



N 



s g n ( CT ) n 1 



'«2fc-l,»2fc I 



fc = l 
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Figure 3. 2-loop soliton interaction, k = 1, ki = = 
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Figure 4. Soliton and loop-soliton interaction, k = 1, k\ = 
fc 2 = i. 
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where the summation is taken over all permutations 



a = 



1 2 

h i2 



n 

In. 



satisfying i\ < i2,h < i&, • • • , «2JV-i < i2N and i\ < i$ < 
denotes the parity of the permutation a. 

The pfaffian can be computed recursively by 



2N 



(A.2) 



P f(A)=£(-l)W(^): 



i=2 



< 12N-1, and sgn(cr) 



where denotes the matrix A with both the first and i-th rows and columns 
removed. 

The determinant of a skew-symmetric matrix A is the square of the pfaffian of 

A: 



(A.3) 



det(A) = [pf(A)] 2 . 



Appendix B 

For a bordered determinant, we have the following identity: 



(B.l) 



"1,2 

£22,1 "2,2 



Q!2JV,1 "2AT.2 
bi b 2 

= s x - 2N 



"1,2AT-1 "L2JV 0,1 
Ol2,2N-l OL2.2N 0>2 



&2N,2N-1 0>2N,2N 0.2N 
&2JV-1 b2N 5 



det \5oii.j — aibj\ : 



<i,j<2N ' 

where 5^0. This is obtained by adding the (2N + l)-th row multiplied by —en/ 5 
to the ith row. 



Appendix C 

Let A — (a,i t j)i<ij<2N+2 be a (2N + 2) x (2iV + 2) skew-symmetric matrix. As- 
sume a2jv+i,2JV+2 7^ 0. Adding the (27V+2)-th row multiplied by a,i i 2N+i/ci2N+i,2N+2 
and the (2A" + l)-th row multiplied by —ai^N+2/ cL2N+\,2N+2 to the ith row, we 
obtain 

det(^) = det(a lJ )i< i j<27v+2 

= (a2W+l,2W+2) 2 2Ar det(a 2 Ar + i,2W+2 O-ij — a 2 N+l,i 0-2N+2.j + «2N+2,i Cl2JV+l,j) , 

and 

pf(A) = pf(a ii j)i<i iJ < 2 jv+2 

= (a27V+l,27V+2) 1 ^pf (d2AT+l,2JV+2 — 0,2N+\,i 0,2N+2,j + 0-2N+2A 0-2N+l,j) , 
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(See e.g. 
(C.l) 



.) Thus we have the formulae 



X2-2N 





-Q!l,2 
-«1,2A-1 

— ai^N 

-61 


-01,2 



Otl,2 





-C*2,2A<-1 
— "2,2A 

-Ct2 

-62 





Jl,2jV-l 
-01,2N 



and 



(C.2) 



-02,2N-1 
— 02,2N 

«i,2 «i,3 

«2,3 



«1,2A-1 
C*2,2iV-l 



-«2iV-l,2Ar 

— «2A-1 

— b 2 N-l 

0l,2N-l 
02,2N-l 



«2.2JV 



«1 
«2 



Oi2N-l,2N 0-2N-1 

a 2 AT 

-a 2 7V 

-6 2 7V -<5 

/8l,2JV 
/32,27V 



02N-1,2N 
-02N-1,2N 



ai,2A 

«2.2A 



ffll 
«2 



Ol2N-l,2N 0-2N-1 
&2N 



l>2 



b 2 N-i 
S 



01,3 
02,2 



01,2N 
02,2N 



tl-N 



0: 



2JV— 1,2N 



b 2 

b 2 N-i 

b2N 

5 




where 0i t j — Sctij — aibj + ajbi and <5 ^ 0. 

Appendix D 

For any determinant A of order n, we have the Jacobi identity 

(D.l) AijApq AiqApj — AA^pjq , 

where Aij is a first minor which can be obtained by deleting the zth row and the 
jth column from A, and Ai p j q is a second minor which can be obtained by deleting 
the ith and pth rows and the jth and qth columns. Setting r = i = j and s = p = q, 
wc have 



A A —A A - A A 



(D.2) 

Let A be a skew-symmetric determinant. If n is even, then A rr = A ss = and 
Ar, = —A„ r . Therefore we obtain 



(D.3) 

which leads to 
(D.4) 



A rs = p{(A)-p{(A rStrs ) 
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If n is odd, then A — and A rs = A sr . Therefore we obtain 
(D.5) A^. s = A rr A ss , 

which leads to 

A rs = pf(A rr )pf (A ss ) . 



(D.6 

(See 



•) 



Let 



A = 





-«1,2 



-ai,2Af-i 

— Ctl,2N 
-6l 



Q!l,2 





"£*2,2iV-l 
— «2,2Af 

-a 2 
-62 



Qil,2JV-l Ctl,2JV a l 

Q!2,2JV— 1 «2.2Af «2 





-Q!2JV-l,2iV 

— 0.2N-1 

— b2N-l 



&2N-1,2N 


— »2Af 

— b2N 



0-2N-X 
0-2N 



-5 



61 
62 

&2AT-1 
b2N 

s 





Using (|D.4I) and (|C.2[) . we obtain the formula 
(D.7) 






ai,2 


"1,3 




Q!l,2Af-l 


ai,2iv 




h 


-"1,2 





«2,3 




02,2Af-l 


«2 : 2AT 




b 2 


-«1,3 


-Qf2,3 







Q!3,2JV-1 


«3,2AT 




h 


— ai,2jv-i 


— a 2 ,2Ar-i 
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Appendix E 

Let 



A = 
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&2N 
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C2W 


a 


P 


di 
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Using the Jacobi identity (|D.1|) . we obtain 
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From (jDjj) . we obtain 
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